A polynomial Weyl-invariant spinning-membrane action  by Castro, Carlos
Physics Letters B 559 (2003) 74–79
www.elsevier.com/locate/npe
A polynomial Weyl-invariant spinning-membrane action
Carlos Castro
Center for Theoretical Studies of Physical Systems, Clark Atlanta University, Atlanta, GA 30314, USA
Received 16 December 2002; received in revised form 24 February 2003; accepted 26 February 2003
Editor: M. Cveticˇ
Abstract
A review of the construction of a Weyl-invariant spinning-membrane action that is polynomial in the fields, without a
cosmological constant term, comprised of quadratic and quartic-derivative terms, and where supersymmetry is linearly realized,
is presented. The action is invariant under a modified supersymmetry transformation law which is derived from a new Q+K+S
sum-rule based on the 3D-superconformal algebra.
 2003 Published by Elsevier Science B.V.
A satisfactory spinning-membrane Lagrangian has not been constructed yet, as far as we know. Satisfactory in
the sense that a suitable action must be one which is polynomial in the fields, without (curvature) R terms which
interfere with the algebraic elimination of the three-metric, and also where supersymmetry is linearly realized in
the space of physical fields. Lindström and Rocˇek [1] were the first ones to construct a Weyl-invariant spinning-
membrane action based on the actions proposed by the authors in [5] in the study of solitons.
However, such action was highly non-polynomial complicating the quantization process. The suitable action to
supersymmetrize is the one of Dolan and Tchrakian (DT) [2] without a cosmological constant and with quadratic
and quartic-derivative terms. Such membrane action is basically a Skyrmion like action. Other plausible actions
could be supersymmetrized, from the world volume point of view, in particular, new p-brane actions which
involve a modified integration measure [6] via the introduction of auxiliary scalars, and that provide a dynamical
mechanism for the generation of the p-brane tension.
We shall write down the supersymmetrization of the polynomial DT action that is devoid of R and kinetic
gravitino terms; where supersymmetry is linearly realized and such that the gauge algebra closes [3]. The crux
of the work [3] reviewed here lies in the necessity to Weyl-covariantize the Dolan–Tchrakian action through the
introduction of extra fields. These are the gauge field of dilations, bµ, and the scalar coupling, A0 of dimension
(length)3, that must appear in front of the quartic derivative terms of the DT action. Our coventions are: Greek
indices stand for three-dimensional ones; Latin indices for spacetime ones: i, j = 0,1,2, . . . ,D. The signature
of the 3D volume is (−,+,+). The Dolan–Tchrakian action for the bosonic p-brane (extendon) with vanishing
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(1)L2n =√−g gµ1ν1 · · ·gµnνn∂[µ1Xi1 · · ·∂µn]Xin∂[ν1Xj1 · · ·∂νn]Xjnηi1j1 · · ·ηinjn .
ηij is the spacetime metric and gµν is the world volume metric of the 2n hypersurface spanned by the motion of
the p-brane. Antisymmetrization of indices is also required. Upon the algebraic elimination of the world volume
metric gµν from the action and after plugging its value back into the action one recovers the Dirac–Nambu–Goto
action:
(2)L2n =
√
−det(∂µXi(σ )∂νXj (σ )ηij ).
When p = even, p + 1 odd, a Lagrangian with zero cosmological constant can also be constructed, however,
conformal invariance is lost. In the membrane’s case one has: L= L4 + aL2; where a is a constant and L2 is the
standard Howe–Polyakov–Tucker quadratic actions (∂µXi(σ ))2 and the quartic derivative terms are the Skyrmion-
like terms:
(3)L4 =√−g gµνgρτ ∂[µXi(σ )∂ρ]Xk(σ)∂[νXj (σ )∂τ ]Xl(σ )ηij ηkl .
The supersymmetrization of the kinetic terms is similar to the construction of actions for the 3D kinetic matter
superconformal multiplet where supersymmetry is linearly realized and without R terms. In particular, we will
show why the action is invariant under a modified Q-transformation, δ˜Q = δQ+ δ′, which includes a compensating
S- and K-transformation which cancel the anomalous/spurious contributions to the ordinary Q-transformations,
due to the explicit breakdown of S- and K-invariance of the action, which in turn, induce a breakdown of the
ordinary Q supersymmetry as well. The final action is invariant under P , D, Mab transformations: translations,
dilations, Lorentz. But is not invariant under conformal boost K- and S-supersymmetry. The gauge algebra closes
and the action of the modified supercovariant derivative operator Dcµ can be read from the commutator of two
modified supersymmetry transformations:
(4)[δ˜Q, δ˜Q](.)= !¯2γ µ!1Dcµ(.).
The modified Dcµ supercovariant derivative operator is obtained after a compensating transformation δ′ is added to
the standard Q-transformation to cancel the anomalous S- and K-transformations of the supermultiplets used to
construct the action. The scalar and kinetic multiplet of simple conformal SG in 3D are, respectively [4]:
(5)Σc = (A,χ,F ), Tc(Σc)=
(
F,γ µDcµχ,A
)
.
For a supermultiplet of Weyl weight ω(A), the supercovariant derivatives and the d’Alambertian are respectively:
(6)DcµA= ∂µA−
1
2
ψ¯µχ −ω(A)bµA,
(7)Dcµχ =
(
Dµ −
(
ω(A)+ 1
2
)
bµ
)
χ − 1
2
γ µDcµAψµ −
1
2
Fψµ −ω(A)Aφµ,
(8)
A=DcaDcaA
= e−1∂ν
(
egµνDcµA
)+ 1
2
φ¯µγ
µχ − [ω(A)− 1]bµDcµA
+ 2ω(A)Af aµeµa −
1
2
ψ¯µDcµχ −
1
2
ψ¯µγ νψνD
c
µA.
The generalized spin connection ωmnµ (emµ ,bµ,ψµ) is:
(9)ωmnµ =−ωmnµ (e)− κmnµ (ψ)+ enµbm − emµbn,
(10)κmnµ =
1 (
ψ¯µγ
ψmψn − ψ¯µγ ψnψm + ψ¯mγµψn
)
.4
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(11)φµ = 14σ
λσγµSσλ,
(12)Sµν =
(
Dν + 12bν
)
ψµ −µ↔ ν,
(13)eaµfaµ =−18R(e,ω)−
1
4
ψ¯µσ
µνφν.
The variations of the gauge and matter fields under D (dilatations), and Q, K , S, transfomations is:
(14)δDemµ =−λemµ , δDA=
1
2
λA, δDF = 32λF.
In general, a Weyl supermultiplet of weight ω transforms under Weyl scalings as:
(15)δDA= ωλA, δDχ =
(
ω+ 1
2
)
λχ, δDF = (ω+ 1)λF,
where λ is the Weyl scaling’s infinitesimal parameter. Under Q-supersymmetry:
(16)δQA= !¯χ, δQχ = F! + γ µDcµA!, δQF = !¯γ µDcµχ,
(17)δQemµ = !¯γ mψµ, δQψµ = 2
(
Dµ + 12bµ
)
!, δQbµ = φµ.
Under S-supersymmetry:
(18)δSemµ = 0, δSψµ =−γµ!s, δSbµ =−
1
2
ψµ!s,
(19)δSωmnµ =−!¯sψµ, δSA= 0, δSχ = ω(A)A!s, δSF =
(
1− 1
2
ω(A)
)
χ¯!s.
The canonical scalar supermultiplet is inert under conformal boosts K and so are the emµ , ψµ. The bµ is not inert:
(20)δKbµ =−2ξmK emµ, δKωmnµ = 2
(
ξmK e
n
µ − ξnKemµ
)
.
A superconformally invariant action for the kinetic terms in D = 3 requires to include only the following kinetic
multiplet that is fully superconformaly invariant: ΣC ⊗ TC(ΣC). The superconformal invariant action was given
in [4]. However, in this Letter we shall use the different combination of supermultiplets
(21)ΣiC ⊗ TC
(
Σ
j
C
)+ TC(ΣiC)⊗ΣjC − TC(ΣiC ⊗ΣjC)
combination which happens to be the correct one to dispense of the R and kinetic gravitino terms. However this
combination breaks explicitly the S and conformal boosts. In doing so, it also will break the Q-invariance of
any action constructed based on such “anomalous” kinetic multiplet [3]. The explicit components of the suitable
combination of multiplets which removes the R and gravitino kinetic terms and breaks K-symmetry and S-
supersymmetry,
(22)ΣiC ⊗ TC
(
Σ
j
C
)+ TC(ΣiC)⊗ΣjC − TC(ΣiC ⊗ΣjC)
are:
Aij = χ¯iχj ,
χij = Fiχj + Fjχi +Aiγ µDcµ
(
ω= 1
2
)
χj +Ajγ µDcµ
(
ω= 1
2
)
χi − γ µDcµ(ω = 1)[Aiχj +Ajχi],
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Fij =Ai
(
ω= 1
2
)
Aj +Aj
(
ω = 1
2
)
Ai + 2FiFj − χ¯iγ µDcµ
(
ω= 1
2
)
χj
− χ¯j γ µDcµ
(
ω= 1
2
)
χi −(ω= 1)[AiAj ].
The explicit expression for the multiplet components was given in [3]. We can explicitly verify [3] that there is
no gravitino kinetic term and no curvature scalar terms, as expected. There is an explicit presence of the bµ terms,
which signals an explicit breaking of conformal boosts. Therefore, eliminating the R and gravitino kinetic terms is
not compatible with S-supersymmetry nor K-symmetry.
Because the component TC(ΣC ⊗ΣC) does not have the correct S; K transformations laws, the components
of the latter supermultiplet (Aij ;χij ;Fij ) do not longer transform properly under (ordinary) Q-transformations
because the supercovariant derivatives acting on the Aij ,χij acquire anomalous/spurious terms due to the explicit
S- and K-breaking pieces [3]. To correct this problem one needs to modify the Q-supersymmetry by adding
compensating S, K transformations as shown below.
The supersymmetric quadratic derivative terms (kinetic action) of the action are obtained by plugging in directly
the components Aij ,χij ,Fij into the following expression while contracting the spacetime indices with ηij :
(24)L2 = eηij
[
Fij + 12 ψ¯µγ
µχij + 12Aij ψ¯µσ
µνψν
]
.
After using a modified Q-variation of the action the spurious variations of the action, resulting from the S- and
K-symmetry breaking pieces in the definitions of supercovariant derivatives, will cancel and the action is invariant,
up to total derivatives [3]. Using the modified derivatives, resulting from the cancellation of the anomalos S, K
variations of the the supermultiplet, the action obtained from Eq. (24) will be invariant under the following modified
Q-transformations:
(25)δ˜cQ(Aij )= δcQ(Aij )= !¯χij , δ˜cQ(χij )= Fij ! + γ µDcµ(Aij )!,
(26)δ˜cQFij = !¯γ µDcµ(χij ),
where now is essential to use the modified supercovariant derivatives Dcµ associated with the modified Q-
transformations laws in order to cancel the anomalous contributions stemming from the S- and K-breaking pieces,
since the latter anomalous contributions to the Q-variations are contained in the ordinary derivatives Dcµ(Aij );
Dcµ(χij ).
Under ordinary Q-variations the Lagrangian density will acquire spurious pieces [3]: (∆L)|spurious =
δQ[eL]|spurious. What the modified δ˜QS = [δQ + δ′]S achieves is to have δ′S = −∆|spurious so that the net sum
of the anomalous Q, K , S contributions cancels out giving zero at the end; i.e., one has the correct Q+K+S sum
rule.
The modified covariant derivatives, appearing in the modified Q-transformation laws of the supermultiplet of
Weyl weight ω= 2, used to construct the action, have now the appropriate form to ensure invariance of the actions
under the modified Q˜ transformations:
(27)Dcµ(Aij )= ∂µAij −
1
2
ψ¯µχij − 2bµAij ,
(28)Dcµχij =
(
Dµ −
(
2+ 1
2
)
bµ
)
χij − 12γ
νDcν(Aij )ψµ −
1
2
Fijψµ − 2Aijφµ.
Since δ˜QS = 0, one has found the correct Q+K + S sum rule for the modified Q-transformation. Finally, we
do not have R terms, nor the kinetic terms for the gravitino; i.e., there is no f mµ term.Q-supersymmetry is linearly
realized after the elimination of F i . No constraints arise after eliminating the auxilary fileds F i [3].
The supersymmetrization of the quartic derivative terms proceeds in analogous fashion. Let us introduce the
coupling-function supermultiplet, Σ0 = (A0;χ0;F0) whose Weyl weight is equal to −3 so that the tensor product
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have Weyl-invariant actions. The following multiplet is the adequate one to build the required supersymmetrization
of the quartic derivative terms:
Kijklµνρτ =K
(
Σiµ;Σjν
)⊗ T [K(Σkρ;Σlτ )]+ (ij ↔ kl) and (µν↔ ρτ)
(29)− T [K(Σiµ;Σjν )⊗K(Σkρ;Σlτ )],
where
(30)K(Σ,Σ)=ΣiC ⊗ TC
(
Σ
j
C
)+ TC(ΣiC)⊗ΣjC ≡ (AKij ;χKij ;FKij ).
This combination of these supermultiplets is the adequate one to retrieve the DT action at the bosonic level and
also ensures that the R terms do cancel from the final answer. This is a similar case like the construction of the
quadratic terms which was devoid of R and kinetic gravitino terms. A similar calculation yields the components of
the supersymmetric-quartic-derivative terms:
Aijkl = χ¯Kij χKkl ,
(31)
χijkl = FKij χKkl + FKkl χKij +AKij γ µDcµ(ω = 2)χKkl +AKklγ µDcµ(ω= 2)χKij
− γ µDcµ(ω= 4)
[
AKij χ
K
kl +AKklχKij
]
,
Fijkl =AKij(ω= 2)AKkl +AKkl(ω= 2)AKij + 2FKij FKkl
(32)− χ¯Kij γ µDcµ(ω= 2)χKkl − χ¯Kkl γ µDcµ(ω= 2)χKij −(ω = 4)
[
AKij A
K
kl
]
,
where we have used the abreviations AKij , χKij and FKij given by the well behaved kinetic multiplet.
Despite the fact that the defining quartic multiplet is devoid of curvature terms we are once again faced with
the anomalous Q-transformations of the action due to the spurious S-, K-variations. To cure these anomalous
variations of the action we proceed exactly as before by using a modified Q-transformations that will cancel the
spurious variations.
The complete Q supersymmetric extension of L4 requires adding terms which result as permutations of
ijkl↔ ilkj ↔ kjil↔ klij keeping ηij ηkl fixed. The action corresponding to the quartic derivative terms is:
(33)L4 = eηij ηkl
[
A0F
ijkl + F0Aijkl − χ¯0χijkl + 12 ψ¯µγ
µ
(
A0χ
ijkl + χ0Aijkl
)+ 1
2
A0A
ijklψ¯µσ
µνψν
]
.
The composite fields Aijkl , χijkl and Fijkl are given in terms of the AKij , χ
K
ij , Fij . The action will be invariant
under the modified Q-supersymmetry transformations laws, which have the same structure as the variations of the
quadratic derivatives multiplet:
(34)δ˜QAijkl = !¯χijkl , δ˜Qχijkl = Fijkl! + γ µDcµAijkl!, δ˜QFijkl = !¯γ µDcµχijkl,
where
(35)Dcµ(Aijkl)= ∂µAijkl −
1
2
ψ¯µχijkl − 2bµAijkl,
and similarly for:
(36)Dcµχijkl =
(
Dµ −
(
2+ 1
2
)
bµ
)
χijkl − 12γ
νDcν(Aijkl)ψµ −
1
2
Fijklψµ − 2Aijklφµ.
Concluding, we have presented all the steps necessary to construct a satisfactory Weyl-invariant spinning
membrane action that is: (i) polynomial in the fields (ii) devoid of curvature terms (iii) where supersymmetry
is linearly realized. (iv) Upon setting the fermions to zero, and eliminating the auxiliary fields, it yields the Weyl-
covariant extension of the Dolan–Tchrakian action for the membrane.
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